Abstract-Optimal reactive power flow applications often model large numbers of discrete shunt devices as continuous variables, which are rounded to their nearest discrete value at the final iteration. This can degrade optimality. This paper presents novel methods based on probabilistic and adaptive threshold approaches that can extend existing security constrained optimal reactive power flow methods to effectively solve large-scale network problems involving discrete shunt devices. Loss reduction solutions from the proposed techniques were compared to solutions from the mixed integer nonlinear mathematical programming algorithm (MINLP) using modified IEEE standard networks up to 118 buses. The proposed techniques were also applied to practical large-scale network models of Great Britain. The results show that the proposed techniques can achieve improved loss minimization solutions when compared to the standard rounding method.
I. INTRODUCTION
N ATIONAL Grid is the system operator (SO) for the high voltage electricity transmission system in Great Britain (GB). The authors have demonstrated [1] that a theoretical 2.3% reduction in operational transmission losses was possible on the GB transmission system. These studies utilized a transmission loss reduction objective and were based on a security constrained optimal reactive power flow (SCORPF) which stipulated available operational voltage controls. The authors noted that large numbers of discrete shunt devices were being treated as continuous variables in the main optimization and were rounded to their nearest discrete step at the final iteration. This rounding method was found to degrade optimality and potentially create infeasibilities. The practical GB transmission network includes around 270 shunt capacitors and reactors, which provide an important source of reactive power that does not need to be procured from the market as the equipment is owned and operated by National Grid. It is therefore important that shunt capacitor and reactor controls are included in the optimization problem. This paper proposes and compares several novel methods that can easily be incorporated into existing SCORPF programs to solve the discrete switching problem more effectively. First, a probabilistic method is described which fixes a subset of shunts to their nearest discrete value on each iteration with a probability determined by a shunts proximity to a discrete value. Second, an adaptive threshold method is described which sets shunts to their nearest discrete value if they are within a threshold. The proposed techniques are evaluated and compared using a range of standard test networks, including the Ward Hale six-bus test systems in Fig. 1 , and full large-scale models of the GB transmissions system with security constraints. Recent literature [2] , [6] - [8] argues that the discrete shunt switching problem essentially remains unsolved in a reasonable time on a complex large-scale power system. This paper directly addresses this problem by describing novel alternative techniques, which can be readily implemented as an extension to existing ORPF programs, for solving the discrete shunt switching problem. The proposed technique is also shown to be securable against a number of contingencies.
II. TECHNICAL BACKGROUND
Most commercially available SCORPF programs still use methods based on rounding. Recent studies [2] , [3] which were based on sections of the European grid used rounding methods and one of these studies focused on the Spanish transmission network. This study utilized rounding when the discrete step size was small, but needed to use an expert system heuristic to decide the appropriate position of large shunt capacitor/reactor devices.
An issue highlighted by previous studies is the problem of scalability of existing techniques to solve the large-scale shunt despatch problem [14] , [4] , [15] . The reason for this is likely to 0885-8950/$26.00 © 2010 IEEE be due to the nondeterministic polynomial (NP) complete nature of the discrete capacitor despatch problem. A problem that is NP-complete is an adequate reason not to devote time and effort trying to solve it according to many experts [4] . Instead it is recommended that a near optimum solution to the problem is found. Many of the practical solutions in the literature only attempt to locate a near optimum solution. Nondeterministic search techniques include simulated annealing [17] and genetic algorithms [18] . The success of these algorithms is often highly dependant on tuning particular algorithmic parameters.
Deterministic search techniques include modern mixed integer solvers such as MINLP, which often use branch-bound techniques to solve the generalized mixed integer problem. Jabr [4] suggested a technique that uses a modified version of the branch-bound technique to solve this mixed integer problem. The modification consisted of a heuristic that essentially limits the search space that the branch-bound algorithm needed to explore, which reduced the execution time of the mixed integer linear program solver. This technique was demonstrated to work in a reasonable time with only 25 integer variables, which is not scalable enough to solve problems on the practical large-scale GB transmission system.
To solve the mixed integer problem involving large numbers of shunt capacitors/reactors Liu et al. [5] proposed utilizing a penalty function associated with each discrete control. These penalty functions could be defined in such a way as to penalize continuous values so that the optimization would favor discrete solutions. Liu proposed taking a tangent to the quadratic at the current operating point. The linear tangent function needed to be updated periodically to preserve the quadratic nature of the penalty function. The main issues with this approach were in determining the magnitude of the penalty function, timing its introduction, determining criteria for updating, incorporating limit enforcement logic and determining the best technique for finally fixing to a discrete step. One further issue could be that the optimization may get trapped by the penalty function in a local minimum and would not therefore explore another potentially more optimal area of the solution space. A robust scalable solution is still sought after to solve the practical shunt despatch problem. Fig. 2 illustrates how the iterative process proceeds. Firstly the network data is read and the main SCORPF is performed assuming all controls are continuous. At each iteration the optimal continuous solution from SCORPF is used to fix a subset of the floating shunt controls to their nearest discrete value, based on either the probabilistic or adaptive threshold techniques explained in the following sections. This process is then repeated iteratively until a stop condition is satisfied when either the maximum number of iterations is reached or when all discrete controls are fixed. Any remaining floating discrete controls are then fixed to their nearest discrete value. Finally a round of optimization is performed using only continuous controls to remove any violations caused by the final discretization. In stage 1 the generalized continuous SCORPF objective function is (1) where is a set of the control variables and is a set of dependent variables. The subscript 0 indicates that the variable refers to the pre-contingency power system. Specifically this objective includes the total system losses given by (2) where is a branch with conductance connecting the th node to the th node, and is the total number of branches on the network. and are node voltage magnitude and angle, respectively.
III. PROPOSED METHOD

A. General Method for Handling Discrete Variables
Initially, the SCORPF is bound by equality and inequality constraint limits. The equality constraint limits are given by the pre-and post-contingency power flow equations, where refers to the th contingency case. In general these equality constraints are given by (3) For the intact network case these power flow equations are given by the following equations [19] : (4) and are the real and reactive branch power flows, respectively, between the th and th node.
and are the conductance, susceptance, and angle, respectively, between the th and th node.
is the branch's shunt susceptance. The optimization is also constrained by inequality constraints. For optimizable controls these constraints are given by (5) 
B. Probabilistic Technique
The probabilistic technique examines the continuous solution of each optimizable shunt control at every iteration of Fig. 2 , fixing a subset of the shunts to the nearest discrete value. The probability of fixing is determined by how far the continuous solution is from the nearest discrete value on a normal distribution, as illustrated in Fig. 3 . Essentially if the continuous value of the capacitor is close to a discrete value there is a high chance of fixing and if a shunt is in the middle of the range of discrete values there is a low chance of fixing.
The probability distribution shown in Fig. 3 can be used to calculate the probability that a shunt is fixed in and is based on the normal distribution which is given by Scaled normal distribution (7) and are the mean and standard deviation of the distribution, is the continuous value of the shunt as a percentage of its switched in value. is a scaling value.
The parameters , and were found to give the required curve shape illustrated in Fig. 3 .
The following pseudo code describes the probabilistic method, which is executed iteratively as shown by Fig. 2 . represents the continuous solution of the th shunt during the iteration.
represents the discrete value of the th shunt. is a flag determining the optimization status of the th shunt.
means the th shunt is an optimizable control and means the th shunt is frozen out and no longer optimizable.
FOR
to the total controllable shunts where CNT is a counter that returns the number of shunts fixed during an iteration of the heuristic. ScaleFact is a scaling factor that multiplies the probability of shunt fixing. A high value of ScaleFact will cause the heuristic to have a small number of iterations compared to a low value that will provide a better solution with more iterations. The probabilistic method has just two adjustable parameters-probability factor and maximum number of iterations. The probability factor scales the probability of fixing, so a low value means that the technique will take longer to fix all the shunts.
C. Adaptive Threshold Technique
The adaptive threshold technique also examines the continuous solution of each optimizable discrete control at every iteration as shown in Fig. 2 , fixing a subset of the shunts to their nearest discrete value. A shunt is fixed if the continuous solution is within a threshold distance of a discrete value. The first iteration of the adaptive threshold method fixes only those shunts that are within a 10% threshold from their discrete value, the second iteration applies a threshold of 20%, the third iteration applies a threshold of 30% and then the ten remaining iterations apply threshold of 40%. 
A. Network Models
Widely recognized standard network test cases ranging in size from 6 to 118 buses were modified to evaluate the performance of the proposed SCORPF extension. The six-bus network was the Ward Hale six-bus test case [9] , while the other networks were all standard IEEE test cases [10] . Additional switchable capacitors and reactors were modeled at PQ buses with sizes determined by twice the requirement for reactive support at the corresponding bus, thus making the optimization more challenging. Both the 57 bus and 118 bus security constrained network test cases were modeled with 6 and 16 contingencies respectively-each contingency contained the outage of a single transmission line. The transmission lines were chosen in the order of those with the largest pre-fault flow. Table I lists the shunts added to each standard network test case. Table II lists parameters describing every network that was tested. It is useful to gauge the change in the losses objective when switching a single shunt. On the IEEE 57-bus network switching the smallest capacitor caused a 0.94% reduction and switching the largest capacitor caused a 1.4% increase. Transformer taps were not flagged as optimizable and were treated as continuous controls. This approach is acceptable in practice since the discrete steps of transformers are much smaller than the block size of the switchable shunts [16] .
In addition four practical large scale transmission network models were used to evaluate the performance of the proposed 
B. Baseline
The network models described in Tables I and II were used to evaluate the performance of the proposed techniques. The solutions from the proposed techniques were compared against the initial starting point power flow solution, optimization with shunt rounding and against a nonfeasible optimization solution in which all controls were assumed to be continuously varying. The solutions from the proposed techniques were also compared against the solution from the mixed integer nonlinear programming algorithm MINLP developed by Fletcher and Leyffer [11] . This mathematical programming method implements a branch-and-bound technique that searches a tree with nodes corresponding to continuous nonlinearly constrained optimization problems. The MINLP algorithmic method utilizes branch and bound, interlacing the continuous and integer optimization problems so that the nonlinear part of the problem is solved while searching the branching tree. In order to achieve this the MINLP algorithmic method implements early branching and does not therefore solve the nonlinear problem to optimality at each branch point, which has the possible drawback that the overall optimal solution may not be found.
All standard network test cases up to 118 buses were converted into AMPL code, which is a modeling language for linear and nonlinear optimization problems, this code can be interpreted by the MINLP solver. Network constraints and controls were implemented to identically represent the constraint and controls solved by the SCORPF extension techniques.
The practical large scale GB power network test cases could not be encoded in AMPL, so MINLP results could not be derived. The proposed SCORPF extensions were therefore compared to the two staged SCORPF-continuous SCORPF is first solved for all variables, which then rounds all discrete controls to their nearest value; this was then followed by another round of optimization utilizing only continuous control variables to remove any violations. These results are labelled "Rounding" in Table III .
C. Executing the SCORPF Extension Techniques
The proposed SCORPF extensions were written in MATLAB version 7.0 on a P4 3 GHz with 512 MB memory. On a full scale constrained GB transmission network model the SCORPF extension techniques typically took 9 min to solve find a solution.
To meaningfully compare the results with the baselines we repeatedly executed the probabilistic technique one hundred times with different random number generator seed states. This allowed the mean value of transmission losses and standard deviation of the solutions to be determined. A maximum of 20 iterations were specified for all the extension techniques. ScaleFact was kept constant at a value of 0.9 throughout the results presented in Table III. V. RESULTS AND ANALYSIS Fig. 4 shows the losses objective function contour surface of the Ward Hale six-bus network. The objective function was mapped over a range of susceptance values for shunts attached to bus 5 and bus 6. The solutions from the standard rounding technique and the adaptive threshold technique were identical as all shunts were switched out. The figure indicates that MINLP has correctly located the minima at (0.24, 0.18). The probability factor of the probabilistic technique was varied with the values 0.1, 0.5 and 0.9-the solutions are marked on the figure as P0.1, P0.5, and P0.9, respectively. The P0.9 and P0.5 probabilistic solutions lie on the flat area close to the optimal MINLP solution. Table III shows the optimization results of the standard network test cases and four practical large-scale power networks. The first five sets of results are intact network optimizations on standard test networks. The next two sets of results are for the IEEE 57-and IEEE 118-bus networks with contingencies constraining the optimization. The following three sets of results are practical large-scale intact GB network optimizations. The final set of results is a contingency constrained optimization on a GB network. In the large-scale GB network optimizations the full mixed integer optimization problem was tackled, which meant continuous generator voltage target, continuous SVC voltage set-point, discrete shunt capacitor and discrete reactor controls were flagged as optimizable.
Table III allows us to compare the losses solution from the initial power flow, non-feasible SCORPF assuming all controls are continuously varying, the two staged SCORPF rounding method, the MINLP solution, the adaptive threshold technique and the probabilistic technique. The last three columns present the percentage improvement scores of the SCORPF extension techniques and MINLP relative to the continuous case. A score of 100% indicates that the discretization algorithm has performed as well as the nonfeasible continuous solution and 0% indicates the solution is no better than the rounding method.
The last three columns of Table III can be determined by using the relationship as given below in (8) and converting the resulting value to a percentage: (8) where solution is the magnitude of power losses from the adaptive threshold, probabilistic or MINLP technique.
is the magnitude of power losses in the non-feasible SCORPF continuous solution and is the magnitude of power losses in the two staged SCORPF rounding method. For example consider the reduction in the objective function for the Probabilistic case relative to the Continuous case as presented as presented in Table III for the WardHale six-bus test network. This can be determined as a fraction or percentage as follows: % The above percentage value is presented in the penultimate column of Table III for the WardHale six-bus test network.
On the standard network test cases the rounding method did not manage to achieve a reduction in real power losses because the continuous solution of the shunt devices was just below 50% and therefore rounding switched out these devices. In general the adaptive threshold technique did not manage to reduce real power losses on the standard network test cases because the solution value of the shunt devices was always outside of a threshold band. However, the probabilistic technique managed to reduce the real power losses by an average of 3.6%. Since the probabilistic technique is based on random numbers it essential to run multiple executions to assess its performance. Table IV presents a statistical analysis-notice that the standard deviation is small and the worst case values are still better than the traditional two staged SCORPF rounding method. Fig. 5 indicates how the losses evolved with iteration number on the six-bus, 57-bus and 118-bus networks. A similar evolution of the losses value can be seen on both networks. At each iteration of the SCORPF extension a number of shunts are fixed to their nearest discrete value, which typically causes a slight increase in losses. Analysis of the shunt switching pattern revealed that the large rise in losses near the end of the iterative process was due to shunts in the middle of their range being fixed. Fig. 6 illustrates the effect on the averaged probabilistic solution, for the 57-bus and 118-bus networks, when the probability factor was varied. The error bars indicate the standard deviation in the solution value. It can be seen that the six-bus network results varied smoothly with a minimum average losses and low standard deviation at a probability factor of 0.9. The results on the 118-bus network were less smooth, but still indicated that a probability factor of 0.9 was reasonable. For comparison the results from the two staged SCORPF rounding method are also included in Fig. 6 indicated by the horizontal lines.
MINLP was used to solve the standard network test case discrete optimization problems; MINLP does not scale well and cannot therefore efficiently calculate the solution to larger problems or problems involving a large number of contingencies. Where a MINLP result has been determined, the probabilistic technique achieved at least 98% of the losses reduction achieved by MINLP.
The probabilistic technique found a solution better than MINLP on the 57-bus network case. The proposed extension techniques were then tested on more difficult problems involving larger networks and networks involving a number of contingencies. The results show that the proposed techniques generally achieved a significant improvement in comparison to the two staged SCORPF.
The CPU time for MINLP to find a solution was recorded and compared to the enhanced SCORPF method time. The MINLP algorithm, which is based on branch and bound, is time exponential in the number of variables. This relationship is confirmed in Fig. 7 . The performance of the probabilistic technique was worse than MINLP on the Ward Hale 6 and IEEE 14-bus network test cases; however the performance on the IEEE 30-and 57-bus network test cases was significantly better than MINLP. The ratio of the time taken to solve the IEEE 57-bus network problem to the time taken to solve the Ward Hale network problem was 2.2 and 6200 for the probabilistic technique and MINLP, respectively. Table V presents a comparison of the scalability of the proposed probabilistic technique with the penalty function based technique of Liu et al. [5] , which was described in Section II. The authors also customized a selection of standard test networks with discrete controls. The customizations are different because the authors were also investigating discrete transformer taps while this paper has concentrated on solving the large scale discrete shunt despatch problem. Although it is not possible to directly compare results it is possible to compare the scalability of the algorithms as the number of discrete variables increased. The ratio of time/number of discrete variables indicates the scalability. In the case of the probabilistic technique this ratio reduces as the problem size gets bigger indicating good scalability in comparison to the penalty based technique where this ratio gets larger indicating poorer scalability.
Using the adaptive threshold technique on practical large-scale GB networks an average improvement score of 54% was achieved, the probabilistic technique achieved an average improvement score of 92%. The improvement in the losses objective function was 1.15% and 1.40% for the adaptive threshold and probabilistic techniques, respectively. On the GB4 network with 40 contingencies the adaptive threshold technique was found to cause a slight increase in the losses, which could be due to a combination of the ineffectiveness of the adaptive threshold technique to find a good solution on this problem and the nonconvex nature of the optimization problem.
VI. CONCLUSION
The SCORPF extension techniques presented in this paper address the practical problem of determining the optimal switching of large numbers of discrete devices. The proposed techniques have been demonstrated to work effectively with an existing SCORPF application, and should therefore be quite easy to integrate directly within these applications. Both of the proposed enhanced SCORPF techniques fixed a subset of the floating optimizable shunts to their nearest discrete at each iteration. The probabilistic technique fixed a shunt based on a probability determined by the closeness of its continuous solution to a discrete value and the adaptive threshold technique fixed a shunt if its continuous solution was inside a threshold.
The probabilistic technique consistently performed well on both the standard network test cases and the practical large-scale GB networks, the adaptive threshold technique produced an improvement on large-scale GB network cases. Results on standard network test cases up to 118 buses have shown that the probabilistic technique can achieve results that are sometimes better than MINLP, and a significant improvement on rounding the shunts to their nearest discrete value at the final iteration of the optimization. More research is required to fully quantify the practical benefit of the proposed techniques on a range of practical large-scale GB networks that include large numbers of contingencies. Investigation of the scope for enhancing the performance of the proposed techniques will be required. Further work could also include the development of a hybrid heuristic approach.
